
Topology of Metric Spaces
Definition of Open & Closed Balls

Examples of Open and Closed Balls

Definition Open Balls

Let (X ,
d) be a metric space. Then for any

eeX
,
and for any

me(0 .%) ,
the open ball

centered at s of Radius v is

B(x , a) = (y(X = d(x ,y) < r]

Definition Closed Balls

Let(X ,d)beametric space . Then foe anyeX and re ,)
,
the closed bal centera

B(x ,r) = (y(X = d(x,y)=3

iii) Classical example :

i) In (IR2
,
d2), In metric (IR , da

* dy(x ,y)=-y
*
dy(x, y) = (x- y)

The open ball looks like the following : B(x ,2) Open ball B(x, r) = (x- r
,

x+1)
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ii) Consider the space (c)[a, b)) , d)
*

do (t , g) = Sup((f(x) -g(x)) : xt[a ,b)]

The open ball B(f ,r) consists of all continuous functions fec([a , b)) whose graphs lie within
a band of vertical width of 2r centered at so
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Neighbourhood 

Interior, Exterior and Boundary Points

Definition: Neighbourhood
Let (X , d) be a metric space. A neighbourhood of the point ceX is any open

ball in
(X ,d) with center c

Suppose that (X , d) is a metric space and AEX

Definition Interior Points

An interior point yeXof Ais an element for which the open bal Bly,) is containeda
hin ↓entirely wit

B(y , 3) [A

The interior of A is the set of all interior points , denoted by A
A = set of all interior points

Definition Boundary points
The element yeX is a boundary point of A if and only if
Y 30

,
the open ball centered at y ; Bly , 3) hits the set and hits outside the set.

B(y ,<)nA + 0 and B(yis)1A70

The boundary of A is the set of all boundary points of A denoted by GA

GA-set of all boundary points
Definition Exterior Points

An element yeX is an exterior point of A if and only if
[2>0 for which

B(y , z) -
> A

The exterior of A is the set of all exterior points denoted by A
A = set of all exterior points



Disjoint Union Property for Interior, Exterior and Boundary





Example Calculating Interior, Exterior and Boundary



Now since E = x-O and *=minded = ** E

x- 0 = E = x- z = 0

=> x- c
*
20 since [

*
E

=> x-
similarly , since E= 1- x and E*=minds 23 = E** 3,

E = 1 -x = 1 = 2+ x

=> 12 E*+x

=> 12
*

+ x

And combining the results with (1) ,
we get

0 _> x - E
*

(y(x+ I

and therefore all points yeB(x ,
E
*/2) is an element of A ,

i

. e.

B(x, <
*(2) [A

Since by
the definition , of an interior point the definition implies the interior pointo
MUST belong to the set. Since points O and x 1 lie outside the set

, they-
-

are not interior points .

Further Ais not an
interior point as for any 30 and open ball B) Thia

y(B(1 ,
3) = y > 1

=> yA
=> B(1,

2) FA

Hence 1 is not an interior point, and therefore

A = (0 ,1)
*

claim 2

2A = 50 ,
13

Proof : First show that

50 , 132GA
and that no other point can be in 2A = GA = 50 , 14





Open and Closed Sets

Properties of Open and Closed Sets





Examples of Open and Closed Sets on Subspaces



Open and Closed Sets on Subspaces

Examples : Examples of open and closed sets

1) consider the sets
(0 , 1)

,
[0 , 7) ,

10 , 2)

Here

· The set 10 ,1) is open

· The set [0,1] is closed

· The set 10 , 1] ther openo closed

2) Consider the set

A = (0 ,1) v(1 ,
2)

The boundary &A = 50 ,
1

,
23.

.
Further

gAnA = 0 = A is open

GA *A A is not closed
*

On subspaces ,
we need to be careful .

Let (X ,
d) be a metric space and AIX be a subspace

(A , d)

Note Since A is a subspace ,
it cannot see what points lie outside A

Therefore it can only see points that lie in A ,

i

. e.

A= 0

Example : Open and closed on subspaces.

# Consider the metric space (IR , d) and consider the subspace
(A , d(x)

where therefore B(x,v) 1A"=
A = (0

,
1) v (1

, 2) I-
i) The boundary of A are : GA =0 as 1

,
2

,04A and subspace cannot see in



Open Sets using Interior Points (equivalent defn)



Open Ball is an Open Set

since if EGA
,

we can find so such that B(s)1A#0 which contradicts (*)

xEGA-2A1A = d

=> A is open.
*

Theorem Open Ball is an open set

In any metric space (X
, d) ,

Open ball is an open set

Proof : Consider the following diagram

· B(y , s)

Take the open ball centered at x with radius 2. They consides

y = B(x , 2)

1) If yex , then we are done as consider open ball Bly , 2)

B(y , z) = B(x, 5) -
> B(x, a) (sets contain themselves

Therefore by definition ,
B( , 3) is open.

2) If yfx , then by axiom (M1) of metric spaces,

d(x, y) = A30 and OCALE

x y boundary

A 3-A

E

so we let c = mindA ,
E-A) and let &*

=e







Topology on Metric Spaces

Properties of Topology





Open set is a Union of Open Balls



Collection of Closed Sets



Proof: As proven earlier , A is open # A is closed. Therefore

VFEJe = FETd

=> UF'ETd Property TI
FEA

Now by De Morgan's Law

=(
and therefore

M*=(F) ET
whereTd is the topology on metric spaces. And hence MF is closed.

&
Property T2 : The union of collection of closed sets

Theorem The Union of Finite Collection of Closed Sets

Take
any finite collection of closed sets

E1 , ..., Fr

Then
↑ Fi is closed (Fe)
i=1



Closure of a Set

Closure is Closed



Example of Closure of an Open Ball





Limit Points of a Set





Closure using Limit Points

Equivalent definition for closed 





Topological Version of Closure









Properties of Interior, Exterior and Boundary



Equivalent definition of Interior



Equivalent definition of Exterior



Union of Boundary







Topological Equivalence 




