1opology ot IVietric apaces

Definition of Open & Closed Balls

De-[—iqil'iovl Opey, Balls
Let (X.4) be a mebuic spact. Then, fo amn xeX, and foo av\o hE(O)oO), the open, ball

centned at of hadius v 15

Bx,h) = {Ué)( - d(%f)) <h}

Definition  Closed Balls

Le{' (X,d) l:e a Me{'h'n’c spacc. Tkeq, {—o’: MU acex and hé(Ou 00), he (,|oseJ ba” cen(:v\ej
at x of Aadius h s

BloA) = {UGX: d(x,9)<AS

Examples of Open and Closed Balls
m) Classical example:

°'> If\ “Rzﬁ d!): I'\ Md?ﬂc (Rndi)
\ duy) = | %hr‘ﬁ\z ﬁ\di(x. g) = |x-y]
The oper, ball looks like +he 1Co"owimo . Bx,7) Ogv\ bal B(J‘:h) = (x-h, X+h)
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7'1’) Considen the space (C([a, b]), d '{f’?
do(£19)= SuP{ |€() —J(x)\ : xefa)]

The ope, ball B(F,R) consists of all continuous funclions £'¢ C([a1b]) whose gnaphs lie whilhi
e apeg bl B oty o ol i pocts whese g e uhithia
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Neighbourhood

Definition: Nefokbouhhooo\

(Xd) with cenben x

Let (X,J) be a me{h?c space. A f\eiJMouhlnooJ o-F +he Po'm’f xeX s anU oye'\, ball in

Interior, Exterior and Boundary Points
Suppose that (Kd) & a mebnic space and ASX

Definition Intesien Piints
An, inkeries Pomk Ue)( of A is an element {fn which the open, ball B(;).ﬁ) is

within A 0

Bly,£) CA

The inberivs of A is the set of all intesior points, denoted ba A’
A= et of all interion points

Definition, Boundaho points
The  element geX T a boundary piink of A if and on\n 3
V >0, the open, ball centered ot 4 Bly:®) and
B A3 and Bl NAFO

The bounAaha of A isthe seb of all boundnfU points  of A denoted bo oA
9A= get of all boundw\n po‘mk

De{iqi-‘ioql Extesies Poinds
An element yeX is on, exterion point of A 1 and O"IU 7{
0 $o0 which
Blye) < A°

The exterior of A {5 the set of all extenien Poinjrs denoted bn A®

A%= set of all exterios points




\isualization

/
\\__/

extenios Poin%

Disjoint Union Property for Interior, Exterior and Boundary
:Di.ﬂo'm{' Unions
Let (X,4) be a mebnic space , and ACX. Then,
X=0A 1) A LA’
That {5 +he {o”owino holds :
1) A°UAU3A=X
D) 9A NN =§
J oA N A =9
WA NA=§

Proof: Suppose A’f‘f
1>6upposc Ué)( s an intenies poinf. Then, bU defq of intenior Pom‘r
J 0 such thet
Bly)< A
And thos, we can dnaw the -fo"ouina conclustons:
() Blpe)cA = Blye)fA° = y¢AC
(i) Blye) <A = By A= Blypo)nA=¢ = yfoA
And therefese AN9A=¢=A"NA°
2) Suppose ye OA. Theq by definition of boumdaha, V>0,
By)nA3d and Blye)n A"+



Thus 1 £>0  such +hat
By cA D yfA or BUDCA D yéA’

i B(919) CA then Blyg) 1AL Y e BOe) CA then, Bly)NA=F
Thesefose OANA®=G=0ANA°
3 Juppose Ué/\e. They, bU the o\e{iv@liov\ of exterios Po‘m’c,
Blyie) € A°
(1) Blys) SA° => By, ) A => YA’
() By A" = Blydd A = BlpaNA=¢ = y4oA
And Hhevefore ASNBA=G=ANA’
Funther, Since fos any gex, we an find €>0 such that
) blye) A= yeh’
D) Bypd) A = yeA’
) Bys) A ad By A = geoA
We have +hat
geA UOAUA®=> X< A’UsAVA*eX [«
Furthermone
AUdAUASE X
And +henelae bd phiqciy‘b of mutual containment (¢1) and () becomes
A UdAU A= X

()

Heqce we have that
X=3A U A’ Ll A®



Example Calculating Interior, Exterior and Boundary

Question,
Calclate A’ OA and A° where A is the sef
A=(0,1) <R

with  metnic space (Rd) dlx9 = -y
;So‘wl'im'- Cov\sio\u\ +he {o”ouino o\iaohavl of A
/ i}

o\ 1

Faom_ the o\iaohawl above, we can deduce fhe {oﬂoufr\o
+ The fntenies:  A'=(0,1)
+ The extentor:  A®=(-00,0) U (1,00)

* The bour\o\aﬁoi JA= {0)13

Claim, L
Ao-_:(o,i)
Proof: Take any xe(0,1). They 0<x<1
[ T \
L -
h AR, 4

&
let £=x-0, £=1-x and take £minfs,s}

Considen the open ball
By €72
Cansiden the point Uéﬁ(l; €2), then we acf
yeBl €2 = In—xl<%‘“

= £Fyrx< g
2 2

= x-£¥ <to<ac+_a‘_k (¥1)
2 yA



Now Since £=x-0 and E,*:w\iv\&,&'} = g*¢s
X-0=¢ = x-£=0
= x-£20 since £¥<e
2 x-£420
6?»\‘,’|ahh, since €=1-x and i*=m?q{ £y 2 &g
g=1-x = 1=¢4x
= 12 4x
= 12 g%x
And comhfrﬁno the Aesults with (fi), we Jck

0< at-_zj'<v<x+£f‘éi
2 2

and therefote all Po'mjrs yé Blx, %) is an clement of A, .
Blx,e%2) < A

Sine by the definibion, of an fnteries point, the definidion implies the inkenios points
po'i\njcs UA_M!ST beﬁq‘h,%e dz&c. §ince pf‘sm‘s x<0 Ma"\ ac'léi Phc oulside +he .sPei', -H«U
ohe ot inteior points.

Furthen 1€A i not an fnterion Po'n’nf as o ony €0 and open, ball  B(L,£). This
Cor&air\s Qa Pom

\06 BlLe = }0>1

= y¢A
= B(1,¢) £A
Hence 1 s not an tntesios point, and theaefne
A= (0D -
Claim 2
oA ={0,1)

Proof: Fivst show +hat

{0,4) < 9A
and +hat 10 other point can be in 9A = IA=10,1]



\S\nou}ng for 0€0A (smilar o1 1), consider open, ball B(0,€)
B(0,¢) = (-¢,¢) , ¢>0.
Clearb sine (-4)NA%J and ()NAHp = 0 % o boundogy  paint =5 0€0A
Now we must show +here ase no othe boundahd poins. By the
GANA =§
Theaefte no point A is a bounJahU Po?nf = (0,1)4 9A
mow coqszo\,e‘h the point y>1. Then 320 such that = [+e. And then Hake
L. B(y, &10)
U

Stace e[10<¢, the open, ball [5({); €lio) will not Snbensect A since i+ is mose +han Efio
ouiay fhoy 1. Therefose

Blyclo) € A = Blwg)nA=f

Sions o ahounent o n<0

|
Claim 3
A= (-00,0) U (1, 00)
Proof: BU the

dAU A° YAt =X
MNA°F ¢
AN 44
ANAS {

Then,

Ae: W\\ (AOU3A> = AQ: ('00»0) U(i'OO)



Open and Closed Sets
Suppose (X,d) s a mebaic space and ASX
Definition, Open Sets
A subset A of X s oper, if and on|U 8
ANdA=g

Definition Closed Ses
A subst ASK is closed t§ and o"lU }
9A €A

Note: Open, i NOT +he opposﬂe of closed

Definition, Clope sets
A seb that {s both open AND closed {5 called o clopen et

Properties of Open and Closed Sets

A =0A"
Juppose (X,4) 5 a metnic space and ASX. Then,
9A = 9A°
PA_::-\EQ(?UGJE defiation of an boundaho Fo?nl-, 4é JA H and MIO f Vopeq balls B
BlpnA“#§  and B(n,z){\AC#q{ (1)
BU the deftniffon of Conplcnu& of a set
(K =A

And therefsse {n any oper, balls cenbered at g (1) becomes
BUNAHS and Blgs)n (A) # ¢

and 4his @ he definition of boundaho of A“:0A°

Therefore ALL points in OA are points Tq 9A” and vice-verca and hence

9A = 9A°




A is open, % and oula U A 05 closed
Let (X,d) be a mebrtc space and let ASX be a oper, set. They,
Als opeq, A 1 closed
Leks assume that ASX g oper. Theq, A=¢ o A=¢
D CASEL: A=f
T A=9, they ba definition, of Complement of of a set,

A=X
Sine R is clopen => X is closed
2) (ASE 2 A#¢
If A 49, then bo definition,,
PANA=¢ =2 OA CA°
Note 9A=0A°
Therefere

BACAS = N < A
which by the definition of closed: A® is dlosed.
Suppose that A 75 closed. Then, bo the definition, of closed
A C A = ANA=f
Note 9A=9A"
Thesefore

A NA=F = dANA={
and by the definition, of oper: A s open,
H

A Ts open, =2 o boundavj polnts
= J 650 st B(e) <A or Bl € A
= X © o intefif  O0R X Tsan  exterfoy




X and ¢ Qhe doPc:’L
Let (X,d) be a metaic space. Then,
(P and X ane c[opevL sets

Proof:
Clain 4
¢ 13 LloPef\,
_Ebg_q&_ The boumima of o cm,‘sl'd seb % mpl'a.
9p=¢

AM( “\cﬂc{v‘\c bn de&?vl}{'ioq,o(— 0pen sels

§03f<¢ a9 =p
which shows ?5 1 open.

Funthey b«o the Aeacblﬂ-iov\, o.f Closed sel-s|
a¢=¢g¢

and fkeht;fﬁc ¢ 1% c[oScd.

__
Claim 2
K e clopen,
_&xp_p;f_‘ From boww\mn 03( the whole space X % empl,’n. e
3 = ¢
ond hence we  con deduce that
IXNAK =gaX = §

which shows K ¢ open,

Funtheh, by deftnition, of closed sk
N =9g<X

and H«enc{—eﬁc closed.




EXamNesi Examples of open and closed sets

tden the seb
J.)Coqs en the sers (0'1)’ [0.4] , (o,:L]

Hene
+ The set (0.4) i oper|,
+ The et [0,2] is closed
- The set (0] nethes open noy closed
2) (onsiden the set
A=(01) u(1,2)
The boundony 9A={0,1,23. Fusthes
ANA=¢ = A open
JAEA = A ls not (losed

Open and Closed Sets on Subspaces

On mbspaces, we need o be caneful.

Lt (X,d) be a mebaic space and AEX be a Jub.sracc

(A d)

Note Sinee A s a subspace, it cannot gee what points fie ouwkside A

Therefose i+ can poink that lie in A, ie.

A= f

Example : Open and Closed o subspaces.

:D Considen the mebnic space (R,d) and consider the 6u|osroce

(8.4],)

where

A=)ult) cR — _—

> +hevefove I?Q(x,ﬂ nAS=

) The bwﬂo\ohu of A ane:|0A=0|as 12,04 A and subspace camnot see R = 9A=

y

as A=f

f



i) Here, the Sntenior is +he enbine set, ic.
A=A
Tij) Since the gubspace camat see begond A, there are NO exteios points,
A=
2) Now consider +he subset
(04) < (0,4) v(1,2)

The Subset Ts onlo contained in A=(01)v(12), not iq R since A is a Subspace.‘

Open Sets using Interior Points (equivalent defn)

Lt (X,d) be a metnic space and ASX. Tf A Ts open,, then point of A is o

Tatenios point.
Oper, Sets using Intenfos points
Let (X,d) be a metnic space and AEX. The,
Als open, & VYo€A, Fe=s(x) such that Blx,€) €A

Proof: A=§ o A%

D) (AsEL A=p
Since the emp+0 st ¢ is clopen = § s open
) CASE 2. A#f

Since A} #t will h bound tt, and +h #ouill sabisty 4h
(,o:}i:apo.sfli?vzp(e:\\eba{ﬁov\)w of H?ev ‘ A'l:‘b\h&:a ‘ﬁU bm\aohu o phaeipie B ull g8 S{U P

350 such that Bl A OR Blng <A YxeA
Since x€A, Blye) LA othewise xeA which §s o contradiction. Thus bU elimination,
Blx,s) €A
Assume that YxeA, Je=¢(x)>0 such that
Blx¢) €A ()

As o Consequence
11 x4 oA



stce  xedh, we can find ©0 such that BOG)NA“FP which contradicks ()
xfoA = JANA=¢

= A% open, -
Open Ball is an Open Set
Opeq Ball T an opeq set
In any mebatc space (X,o\),
Oper ball {5 an open set
Proof: Consider the Hlou‘n’r\a A?oomw\
Take the open ball centered af o with vadfus €. Theq considen
G B(x,£)
1) T4 Y=, theq we are dore as considen open, ball B(9:)
B(9:) = B(x,¢) < Bw€) (seks contain +|new\8e|vcs)

Thesefee ba definition, Blxe) s oped.
2) Tf U%x, then, bo axion (M) of mebaic spaces,
dbyy)=A>0  and  0<A<t

b bounden
! (

A k £-A

Vi £

Vv

So we let ¢'=min{A,e-AY and et 6*=_f?£



Bg&) < B(xse)

That bn def inition, of opeq ball we want to chow that
VzeB(ye) = dlx,2)<e = 2zeb(xe)
Bo (My), b\fanalc 1qe1rua|:+0 of mebnlcs,
dlx2) < dlxy) + dlg2)
£ A+ &
A+ minid, A2
¢ A+ E8
7
LALE-A
= €
= zeB(x,¢) VzeB(o:&*)
And thenefrre we have that
B(yr£*) < Blx.e)

and by deftqttion Blxe) & aq opeq set

STn\aleéM seks
S?njlejco»'\' sets ave closed
Let (X,d) be a mebvic space. Then,
{xJ€X s closed
Proof: Heve, either X={oto} or X contains ot least 2 puints
1) CASE 10 K= {ac}
The eative metric space X=4%Y 1 clopeV\/‘—'-'> {%Y 15 closed
2) (ASE 20 X conbains o least 2 pofnks
X consSsts of atleast 2 points => {xo}c#-gﬁ



Let ﬁe{xo‘jc,
Y# %, = o\(oco,j)% >0  for some €50
Then, we hove +hat
B(y,€h) < ix(f)C = ixo\f is open,
= L3 i closed Acopcmc':-’ A closed
N

S?nq‘dof\s aYe, alwaqs doseo‘

&ujlehv\s in discrefe metvic space : dy
Consider discrete metric space (X, )

= 0 =
do(x;‘)) { 1 x*%

Now all open, balls fn, (X,di) ave of fovm

(3(‘,1} 0<¢e<l

B(d-o,i): {né)('.d(io)‘ﬁ<i} = % )( ¢>1

So for  £<1 Blxp)t) = %Y and open, ball is an opey| set

= [{%) is open, In, disciete mebic

= Singlekons open, in, discrete mebrio space

As shouy, gbove, singletons are closed

Thevefore for discrete mebvic space, S?V\f)\d-ov\s &%¢ Clopen




Topology on Metric Spaces

Definition, Topology o, (X,d)
The {'opolow of a metal space (X,d) is the
1;1 =foeX:in i opercs

oper subsels of X

Thesefose

NEHM S 0 is open,

Properties of Topology
PAoPu%d T1: Closed unden Ahlﬂ"’haho Unzons
Closed Under An B’HAMU Unfons
Take any collection, of opeq sets, say
NAET
They, the of oper, sets is oper.
ie. VAST

U NE€TY (it is oren)
NeN

Proof: Take any

xX€ N
.QQA

Then

And therefore ba the Je{n’l[ﬂ'iov\, of open,
Jelx)>0 such that Blwye) €0

and her\ce we  have

Bx,e)cn AND ncla
neA

Then, ba Thaq.sﬂfvﬂa of subsels,

Bese) € | ) 0
S o

and +henefose by defiqibion, open.

3 aCG.Q(x) AND N % a1, open Set




Propenty T2% Closed unden Finite Colletions of Open Sets
Closed Undes Fiqite Tatensections
Take any {—MT»Le collection, of Open, seks
0y, .0y

Then, N
_ﬂﬂ? s open (€T4)

N
Proof: - be em -em
voof Q can be ¢ (40 6y non-e p*y

N
YOASE L Tf (102§ they os § Ts open, > FeTy
2) (ASE 20 T# (N]_Q;qu then take any

izl

N

x€ ﬂﬁ.;

Sipee N3 s open, ;
A&50 such that Blx,£)<ns
Take g=miq{e,, ... &3 then
B(x.€) € Blx,&) ¥ 5efL,. N = B(x.i)-c-(ﬂ\m

i=l

Noke X, § €Ty

RemanR The fntensedion of Snfinthe number of open Seks need not be oper.

To see a coun{'vxemmplc, let
2
Br\: B(O.",I() <R ) 12,...
2
where By s an open ball T4 the complex plone and open ball s an open seb in R
Howevex 0
(oa= {0}
i=l

which s not open, since 7 no open, ball inthe complex plane with cenben 0 +hat i
contained in O



Open set is a Union of Open Balls
Opeq set Ts the unfon of open, balls.
Suppose (X,d) 1s a metsic space and A SX. They
A ts open & At a union of open balls contained tq A
A=( ) 86ue)

XEA

Paoof: Take any xeA and therefote
VxeA Jece® such +hat 5(1»€> cA
Now Since xe€ Blx,6() and therefote H we Nk -H\Aou\jk all Po'mts xeA,

A< | ) eluee) (x1)
Funthes, we can See hat since B(i;‘-(ﬂ)-‘—A X,
U B(x, 8(1“ cA
X€A

Theaedsse b“ Comlsfn?n\«] (%) and (%) and u.sTno mubval containment

A= ) 8(x,€)
gA |
Let (X,d) be a metatc space and ASX. Then
DA is an open subset of A that contains evey open subset of A

i A is open, & A=A

That s A’ & +he bimed‘ oper| subset of A

Proof:
) Let xeA” By definition of fatexior point
>0 such that B(x,9) €A
But Blx,8) ¥ an open Set and thesefese
Vﬂéﬁ(x;i) F&#50 such +hat B(y:e) € Blx,e) €A



Thenedote all points of B9 is an intertos point of A therefote

Blx,) € A
Thus x is & center of an open ball contained T A” and +his is deue fos any xeh’
Thesefose A° s open.

We need fo show A Con%a'fr\s all open subsels GSA. To show +his
Let x€ G.

q i open, = VxeG 350 st Blx,e) S GEA
= o is an fnferies point of A
= x€A
Thorefte we have xeG = xeh’
= <A for any ahbﬂthaho oper et G

7'1') A s open then A< A" We also have 50 defn, A’€A. Hence A:Ao.

Collection of Closed Sets

Lebs se¢ what ha o +h kies of Topolo tht hen w la
o;ef\ e ::'\-Pk c(osgﬁcqfsck ¢ propaities of Topology of metaic Spaces when We neplace

Definition, Collections of Closed Sets T

Take an amb?l—md colleckion of closed sebs of X and leb it be deqobed by
d, 5 {FEX: Fis closed]

Paopesties of Fe
PAoPefﬁa F1: Closed unden Ahlﬁjcha/\a Tntensections
Closed unden Ahb‘:’b\aha Tntenseckions
Take any collection of closed sets
NS,
The of closed sels s closed
ie. YACT,

(1F €3 (#is closed)
FeA



Phgof: As phoven eanlien, A Ts open & A" i closed . Thesefete
VFe3, = FeT,

= U FeeTy Phopenl—d TL
FeA
Now bU De Mohoan'.s Law

U =(0r)

C

and +henefore
UreTy = <ﬂF> €3,

FeA FEA
whene Ty Ts the foro'ooa on, metnlc spaces. And hence NF & closed

Phopenty T2: The unfon, of colleckion. of closed sefs
The Unton of Fintte Collection, of Closed Sets
Take oy figke colleckion, of closed sets
AW

N

Then
ﬁF; ts closed (634',)

=1



Closure of a Set
MaKe any set closed bo add?no boundany points
. Annﬂtno less will not wesk
' Ann+kin0 mose will be to much

Definition Closwe
Let (X,d) be a metnic space and ASX. The closwe of A s
A=AU0dA

Note: A may be both open o closed
Note ASA A isa .Supc/\se&. A is the smallest swerset of A $o be closed
ASA and A is closed = A=A
Closure is Closed
A s closed
The closwie of A which ts A is closed, ie.
A=AUDA s closed
Proof: Tt s sufficient 4o show +Hhat (AY & open.
1) CASE 10 T# (/K\)C=¢, g s clopeq so0 we ane done
2) CASE 2. T% (R)Cfﬂls, then we need o show that (debn of oPer\)
Vae(R) Je=s@) such that Blxe) € (A)
Take xé(;\y and we Oet the {—o"ou?no
x€(A) = x(A
= x¢ (AU dA)
= xdA and xdA
Stnce xdoA, bU neoajcfoq of deftnition of boundaho
xd OA = A£>0 such that Bly,e) CA &5 Bl,E) CA°
Since x4 A, Bye) A and therefme by cancellation,
B(x,€) € A°




But we also need +o \S{Can oudy from OA

\
hppose 3 yé B(x,i) Such that UéaA (leads 4o & contaadiction)

Then UéaA and by definition of bouno\a/\n,
By&)nA$4 and Bl NAH4
ConsTden the {—o\\ou‘ino diaot\anr\'-

,\ / B(x)%)

Let d(xg) = <¢

Constder the open ball [i,(a,'élz) and define
£ = miniek e-¢4
Thus we et B(y2) € Bl,c) and Blue) A= |B(yE)cA| ®) = B(y ’%MA:f
But we have +hat  B(91Z)NAFF and this conbyadichs ()
s y€dA

Example of Closure of an Open Ball

Congfder metaic space (R4 whene

d,(x,9) = ,i_laq-;)al

\Skow‘ino that 1, (’P\z dy), dosco\ bal|
Zx Y) B(X»h)

Obwwaﬁor\: no point in
Bham) = {yeR”: dy(9)<h]
s a boundMU point. Tndeed they ane all Tatestes point
(Recall A, A and A® ave paihwise o\‘is\')omt)




Therefose it is sufficient +o show that
3B(ot, 4) = {Ueﬂ{n: (%, 9)=A) € B(n)
Define Blxw) :=C

Stace all poinks in BG,A) fs an nbeaios poink , any we® fon which dy(x9) >A s besios
o‘fn\g(azh)Po in Bx,A) is an intenfos point , any y W 2 (%19 an exten

We know that any X GLU can, be wnitten, in the foum
Y(N=x+ Myx) AR
DT -LNCL, then he Blh)
MTE ALCLL) hey af B
Tt A=l theq r(D=x+1(3-0)=y

Let €50 be d?vcv\. Choose §:= MT’\,{i,i% . Then,
2 2

() = x + §(3-%) € BA)
v (148) = x + (146)(3-2) € Bl,n)
Faom this, we can deduce that
B(9:6) n BeuY) #¢ ; Deftnikion of brundory
B(:6) 0 B(xA) 4
Note that B(x4) = BlA)UC

Note This is not faue fn Genchal.

J(x,d) such that BlyA) # Blx,A)

Let (X,4) be a mebatc space and AEX,
A i csed & A=A
Proof:
) Suppose A=A
(loswre A is closed = A is closed

) Suppose A i closed
Ais closed = A <A

= A=A=< AVoA .



Limit Points of a Set

Motivation, We want 4o fosm an ‘efficient’ C|0-S'm of & set. That 1s we want
Suppose ASF<SA and Fis closed = F=A

That fs | A is the smallest closed \Supehsef of A

Definition Limit Point

Let (X,d) be a mebaic space and FEX. A point x€X is called a limit point of F
if each open ball with center x of Fdifferent from o, ice.

Bt \TY NF14 {0 any >0
The destved set of A denoted by A i the set of ALL limib points of A
A= set of all limit point

Let (X,d) be a mebatc space and FEX Tf o i & limit pint of F, then
eveny open, ball B(xo,¥) contains an infinite numben of points  of F

Iy Bxe,)NF has nftite  poinks
Proof: (via contradicion) " e ot

Suppose that the ball
Blxo,5)
contains & finte numbes of poinks of F. Theaetose constden the «f—o“ou?r\o set of points:
dur-aYn €Blxo)NF Wit
and define &= minfd(yex), dlyas), ..., dlyn 2]
They, the open, ball
Bla6) e Blxsg)n F=¢

contains no poinks of F diskind from % (,onhao\icl-ina the defn
of limik Po'\nt ¥




Let (X,A) be a metaic space and  FEX.
%o s a lmit point of F & J a sequence (xn) € FNO-F such +hat
!\i_)'lood(un.“'o)= 0

Proof:
Suppose I (xa) € F™ such that lim (xn,xo)=0
Then every open ball B(xo,n) containg  (xn) )/Nofoﬁ a switable choice of No.
Observe +hat %) Flmhkd many prints do not offect limit

0 Points Ay, %y Ay oo €F Blxo,*) containg a point of F diffonest

from %,
= %, i a limit point bU defn.
Suppose %, i & fimit Poin’c of F

Choose & point 3,6 such that

X, € Blol)  and X, F % Possible -I)Q pAGViOWS
Funther, chovse a point  o,€ F such, +hat praposiin

X, € Blxo,’2)  and Ay FUy F Ao
Conkinung this paocess in which the n'step of the process is & poink xqéF such that

X € Blan, ') and  xnF Mo Xy F Xy

And in the limik ns00, we have a Sequence (xa) of dishindt points of F such thet

rl\«:;\o Ao, 20) = 0 -

ye F & y is a limit point oj{wahnjcl Ways bi
= 33’61: Such +hat q’:ﬁ\y and «:)'é Bly,) tising. fmtpai
= 5(‘))£) nF ’1"(}5




Equivalent definition for closed
Closed
Lt (X,d) be a mebwc space and FEX.
It F'<F(F conbaing all iks limik poinks) = F 15 dlosed.
Proot: (usino contvadickion)
Suppose F is closed and 3y such that ye F' and yéF
Let €50 be o‘u’veq and  considen oped, ball B(anﬁ)
7)3@'6': such +hat U’#U ond ye Blywe)  (since g 1 a limik po‘mk)
= BlydNF ¢
W) Bye)oy and y¢F = Blpe)nF4g
Faom ©) and (i), Ufs a boundary piint of F = yeoF and OFSF (F is closed)
= ye F
This is & contvadiction. o B

Closure using Limit Points

We can also foam a closwne bU add?no oll the limb paints

Fact A=AUA
éhow'ind that +his 1 equmlen’c fo the fivst foam of closune, (A=AUaA)
) If A s closed = A=A and A'SA = A'CAS A=AvA
I AT not cosed, we Know +hat
A=AUdA
Tt A4¢ then, ACA (omply seb s the aubset of all sebo)
Thenefoe assume that A$¢ and fuvthen assume that UéA' and G(A

—

f UeA' and qu +hen, UEZ as Aé,zl_

$tnce U(A = 063/\. By defy, of bow\daAU
¥ >0, (49 NA$G and becanse yfA=3 \""-'rla st g e BlepaNA



= 4 T a limit point
Thenefove we have that béA and U¢ A= yeoA
= yeh
and thus A'SA
Sine ASA and ACA=[AVACA| (v

Now \skow‘\’na that ASAVA : As A is not closed, 3 UéA‘ such that U(A (hc A i:\éc;:ed)

Lek €20 be given Then,

Dy & olmit pint, 3dtyeA st yeBlys) = Blye)NATS

i (yA = yeA” = Blnd) n A“$6
Therefose bd () and (i) = Ufs a boundamo Po'm’c.
Hence we have that 6eAUA' and ij = UGA'

= g s a boundany.
Thas  8A € AVA
Since ASAUA" and DASAVA =A< AVA| (w0
Therefoe SU (#) and (¥2) and bn principle of mutual contafnment
A=AUA

RemarR Tn 4he pnoof above, we used the {—o\\owfno ec‘u?va\ef\ce
ASBUC & ANB<C
This ollows from the Ioo‘n’ca( equi\lahnw of

P-—-NtVY = PI\~1/—97

Note T s not +the case
A'=0A
Tken could be diffenent




Topological Version of Closure
Torolod'fcal version of closwre
Let (X,d) be a metaic space and ASX. Then,

A=(\F
y
whene ¥ s the collecdtton of all of A

Showing that ACFSA and Fis dused = F=A
Proof: Let ASX
Tt ASF$ A where F 7 closed, then F contains all ils limk point but pot all of As l_im{':P
Juppose that 6€Al and U«iF ol
BU defn of limit print, for ang €0, Bu)nA$G and contains Lty
But xeASF = xeF and g is o limit point of A
= ye F
Bk F s closed = Fis closed
= F<F
=2 JyeF "

Dertved seb is closed
The devived set is closed
Let (X,d) be & mebvic space. Then, F' is closed, ic.
(FY<F

Proof: Efther (F')"—‘P ov (F)+¢

) AE L (F)=¢ and §<F = (F) <F

2) (AsE 20 (F) 49

Suppose  Xo€ (F')l and consfdey open, ball B(,)



BU definftion, of [imit Po'm{:,
3 on and ye F st Ué 6(10,1)
Define 1=Y-dlxyy = <.
ye F o y is a limt Foint
= B(:j,v') contains an Infinite number of po\n’rs of F
But  Bly) € B0  (look ok proof of open ball is an open, seb)
= B, 1) contain fmf‘n’nﬂe\n Many 90?1\%5
= Xy © o lwib  point
=S xeF
Thevefoe we have Shoun fhat

E)YSF| = sk of al limb pom’cs is closed.
|

Properties of Derived Set
Propeviies of Devived sets
Let (X,d) be a mebvie space and F,€X and FEX They,
) IRSE = Rl<E
) (FLUR) = £ uF
M (FAE) € Fn E'
Proof:
7) \Suypose X € F,_' = o is o limk poil\(: of K
> 3ydxch st yeB(o)
Now since, Fy€ F, = yéf,
=y B(x) and 9$X witHh, \«,éf-;_
2 yisa limit poinf of F
= 365’.
Thetefore,  F/ <F



M FCRUR = F < (FUR)  4m (O &)
F,€ FLUR, =2 F, < (FLUF,_)I +om, (%) («2)
Thevefare b{] (4) and (x2),
;R < (FUR)

Now Juppose  XApé (F1UFD'.
Then, 3 a Sequence (3(0,:_) o of distint points T, FLUF st
(%0, %) >0 a5 >0

Since () Ts an fnfinide  sequence, one of By or F, confains an fafinife
number of points  of X, (subsel%umce, all dis‘cinc‘ﬂi )

o) # Fy contains an infinte number of points of oa, then,
otoéFi’ and Fp < FiUF;' = x,€ FLUF,

)

subsequence
cw\vejjes to same [imil

b) f Fz containg an, infinite numbey of Poiv\‘cs ch Xn, H\ev\,
$&O€F;_' and leé F;UF;"'——? Xy € FLUF/

subsequence
wmejjcs to same [imit

Thevefore from &) and b) :
(FUF) € F'UF

From, and (<), and principle of mutual conbainment,
(F,uF) = F v,

i) Similar 4o Fivst part of (57)



quufvalencc of Closure
Let (X,d) be a mebvic space , FEX. They, the hllowino skabements ave equwahnk
D oxeF
M 8le) n F F 0 for every ope, ball centeved at x
(31) 3 an nfinite sequence (cn) of poinfs (ot necessavﬂu diskinct) of F such fhat
A OX 05 N0 (l{i\n_ﬂ), og\(an,x.):O)

Note +hat
A<A and 8<B => AUB S AUB
But  closure s the ¢mallest closed ek
=>| AUB < AUB

Subset of Closwre.
Suppose (K,d) s a mebvic space and  ABEX

ASB = A<B
Proof:
GuPPoSe xeh
xeA = xeA of xeA
(1 (2

() xeA = xeb (hjpo-H\es'ls)
= XeB BS B

() xeA = a b a limt poirk
= dyfx si YeA and ye B(x) )
D Jyf* st yeb and 365(1,6
= Blx,)\{x4 N gd)
= 365’



Properties of Interior, Exterior and Boundary
The {oﬂou‘ino are propenties of iatestss, exteios and boundafﬂt
A i open
Leb (Kd) be a metsic space and let ASX. Then
A G open.

Proof:

A"U PoTn’c Ue)( s an exteriss Po‘\’nf of A #f 3630 such +hat B(y19) E/‘g
complcmud?
1) CASE 1: Ae=¢ , 05 & T dopen = & i open {yex: dlpd) <

D) (ASE 10 '3,
Mu_ €A, bU definition of exterien,
50 such that Blne) <AC
Take €<, VUé Blxe), Fe¥ st B(j,g*)sﬁ(x,i)SAc (opew, balls ore OP&\)
Therefore all points of B(x)9) are extesior poiats by hence
Blx,2) <A®
This is the definiion of open, => A® T open.
0A 15 closed.
Lebt (Xd) be a mebaic space and ASK. Then
IA & closed
Proof: (A.s‘s'no the digjoint  union, phoPEh'li\",
X=ALA* L oA
Thevefore we have that
A= X\A'LAY)
Further sine A and A ave open,
AUA® ¢ T, = ALA s open. (wnion. of open sefs are °P”‘)

But aA=(A°L\Ae)C = A s closed (A s closed & A% s oyen),
[ ]

L A'N3A=¢
A0N=¢
JANAS=¢



3OA) < oA
Let (hd) be a mebric space and  ASX. They
3(04) <9A
Proo{:
Since 9A s closed,
9(A) €A

Equivalent definition of Interior
A= ANOA
Let (K,d) be a metaic space and ASX. They
A= A\9A
Proof:
(1) showing that A< A\A
Tf A'=¢ then AcA is \Lh'u’v'mua rue
Tp A4¢ then suppose xeA. We know thet A'CA
We must show that no interior point s o boumdmra Po'fn\z
zeA’ = 3 >0 such that Blue) €A (defn. of trterios point)
it xedh, then B(E)NA$J and 8(xd) NA°E S
cnbYadicls Hhe fact Hhat Be) €A

. 2 x49A
Therefore  xeA = x4oA

= A=AA = xe A\IA
= A <ANA
ﬁ)éhwina that A\OA A’
Tt A\GA=¢ +hen AVIASA s -|-h'NTIA”U +thue
Tt A\OA$9 then suppose x€ AVIA.
XEAVOA = xeA and YfJA



And by ne@a’cfom of definifion, of boundary ;
x43A = BLHEA @ Blxg <A =7
sine xeh, B(xs) $A° and Hhevefove
6x9 €A > x & an Inbertsr point
= xeA’
Thevefore by () ad G,
A’= ANOA

Equivalent definition of Exterior

not dvue as x€A

Tt can be shoun that the extesies is the complement of closurt
Exteatos is +he comP(cment of closure
Let (X,d) be a mebnic space and ASX. Then
A= (AY
Proof: Fivst observe that
xe(A) & xdA and ¢ 9A
() dhow‘ind that AC.C.CA-\)C
xeA = 3650 st Bl €A (defn, of Tntenter)
it x€dA then, B E)NA% G S contradickion
) ) i Ma”{ = x4 (AUdA)
Furthey Blye) EA= xeh 2 xf A
= we(h)
= K= (A
(1) shostng that () € A°
Suppose e(® = xdA and x49A
o e X9A = xeA”  and ba neaa{iov\ of defa of bouv\o\ma.
BB c A and By €A

Bt since xeA,  BE) A = xeA®



Union of Boundary
Boundava of unfon, 75 contained Sn wmon of bouno\owa
Let (X,d) be a mebstc space and A,BEX. Then,
3(AUB) € 9A U 3B
Proof:
Suppose xed(AUB). By definttion of boundehy,
Vo0, B0 n(ABHg wd BxdN (Aug)
By De—Mofdm’s Law, we \«)e’c
B n(AUBEY and Bl 0 (ANBY) £6

> (@A) AB)EF ad blud nANEF ¢
(AvB$§ S A4 or B 9)
=) (dnr) +§ o baInbIg wd Blo) Kt

> BH)NA{ and Bl aANBH S o Bl)nBEG and Bluda AnE g
= 809)0A+d and pe)nAfF & B(x)nBEd and Ble)as

? C (
16 8(x)9) 0A=( fhen, B(x§)nA 0B
= XA & xeaBI } (j e ¢

= xedAVIB

|
A*= A“\QAYY
Let (X,d) be a mebnic space and  ASX. Then,
A = K\GAY)
Proof: We Know that
A= (A
:(AUQA)C (0e Mm@ar\'s low)
= A“0 (oA

= K0 6K (9A=0A)
= A A\GA)



Some  other wseful properkies ave
oA < 9(AvB)
9B < 3(Avb)

Note o a set s closed,

A=A = A= AC




Dengi k&

Mobivation, (/Teals
Q<R
“~
Ya?iona\s Take any 1R and any €50. p[g€Q Such that
|x-pfq| <€
Q=R | =|q=R

Definition; Der\sﬂﬂ
Let (X,d) be mebic spaces and ASX
A is sid 4o be dense i X & A= X
That is fov ony xeX and ang €30, 3 aeA such Hal
d,x)<e




Topological equivalence
Definitioq: 'roPo’od'x'ca' Ea‘uivaleqce
Let (Xd) and (X,d%) be mehic spaces. Theq (x,d) and (%,d*) ane ezl,uivalenjc it

That is i the mednfes d and 4* ae'\enajce the same gpeq sels
Let X be a set and & and d be mebnics on, K such that I A0 foq which
_l)_\_al(x,g) < d*(xy) < My

Then
i

Proof: Since open sets ane wnjon of open balls,
Toke an open set ir\,()(,d*), ie. QLETYr. Theq 15 the union of open, balls

L= U 5&*(&)’\)
xefl

\Su 05¢
T = {gex: dxg)<n) Binlun) = {gex: dag)en]

Also, we Know that Bd(x.YI%) < Bd«(l,h) as

geblmnt) = A ) <4 A
%Ad(x,j)(h / \ YR\‘ \|
S 4*(u) < | ) |
5 o N/
= Oégd* XA ~__ Bol*'

Now, Since Bd(x,hm < Pi*(x:h), we can 6&0 that

64(1\’4/\) ¢ 0N for MO L eX
And hence bU defincbion of ofen, {L s open in d mebnic . Therehre

€74
(similar for oher waq)



Subspaces
Open and Closed do ot behave "ell" i, §bspaces
Leb (%,d) be a mebvic space AcX and (A,dlA) be a subspace . The,
1) Open, stks in, A a5 & subspace are all of the forw,
AN where NeTy
1) Closed seks ave of +he form,
ANF  where FieTy




